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Abstract
In this paper we study the quantum cosmology of homogeneous and isotropic cosmology, via the Weyl-Wigner-
Groenewold-Moyal formalism of phase space quantization, with perfect fluid as a matter source. The corresponding
quantum cosmology is described by the Moyal-Wheeler-DeWitt equation which has exact solutions in Moyal phase
space, resulting in Wigner quasiprobability distribution functions peaking around the classical paths for large values of
scale factor. We show that the Wigner functions of these models are peaked around the non-singular universes with
quantum modified density parameter of radiation.
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1 Introduction
The main prediction of the quantum state of the universe is the emergence of classical universe that is a manifest fact
of the observable Universe. Therefore, predicting classical cosmology is a constraint on the theory of the state [1]. In
minisuperspace models of cosmology, the classical gravitational field equations are often non-linear and the quantization
procedure is not unique. There are infinite number of transformations that recast such equations into forms with different
finite number of degree of freedom interpretations. Distinctly an appropriate transformation, state and quantization
should be those that have some chance of yielding a classical limit not too far removed the original classical predictions
[2].
By canonical quantization of gravity, one finds various defects when one inspects its content in detail. First, since the
canonical Hamiltonian of gravity is written as a linear combination of the constraints, it annihilates the physical quantum
state. Hence, the time evolution is lost from theory. Besides a new problems aries when one tries to apply the quantum
theory of gravity to cosmology: when our working tool is the wave function, which should be obtained by Wheeler-
DeWitt (WDW) equation or path integral, we need to know how it is possible to construct an adequate wave packet that
would peaked around the original classical cosmological model [3]. In ordinary circumstances, the wave packet reduction
in the Copenhagen interpretation gives rise to no practical problem as far as we regard the quantum mechanics as describ-
ing the dynamics of an ensemble of identical systems. However, in cosmology, there is only one Universe as a system.
Therefore, it is not clear how the state of the Universe has any well-defined wave function. Also, in quantum cosmology
the observer itself is an element of Universe. In the standard interpretation of quantum mechanics, during an observation,
the quantum system must interact with a classical domain (measuring instrument, observer body, ...). In von Neumann’s
view, the necessity of a classical domain comes from the way it solves the measurement problem [4]. In a conventional
impulsive measurement, where the coupling interaction between the measured system and the classical measuring de-
vise is of short duration and strong, the wave function plus measuring devise splits into many branches which do not
overlap, each one containing the measured system in an eigenstate of the measured observable, and the “pointer” of
the measuring devise pointing to the corresponding eigenvalue. However, in the end of the measurement processes, the
observer measures only one eigenvalue and the immediate repeating of measurement gives the same result. Therefore,
the wave function collapses into an eigenstate of the observable that is registered and the other branches disappear. But,
a real collapse of wave function cannot be described by the unitary quantum evolution. Therefore, the Copenhagen in-
terpretation needs to assume the existence of fundamental process in a measurement which occur outside the quantum
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system, in a classical domain. It is obvious that in quantum cosmology, as a quantum theory of whole Universe, there
is no place for classical domain outside of it. Hence, it seems that the Copenhagen interpretation cannot be applied to
quantum cosmology or it should be improved by means of further concepts. One possibility is invoking environmental
decoherence [5]. However, quantum decoherence is not yet a complete answer to the measurement problem [6]. It dose
not explain the apparent collapse after the measurement is completed, or why all but one of the diagonal elements of
the density matrix become null when the measurement is finished [7]. Also, in its developments like the consistence
histories approach [8] the important role played by observers is not yet explained [9] and it is not clear how to describe a
quantum universe when the background geometry is not classical [10]. Nevertheless, there are some alternative solutions
to the above quantum cosmological difficulties, which together with decoherence may solve the measurement problem
maintaining the universality of quantum theory and emergence of classical universe. In this line we should cite the de
Broglie-Bohm interpretation of quantum cosmology [11], quantum Hamilton-Jacobi cosmology [12] and deformation
quantization of cosmology [13].
The advantage of deformation quantization is that it makes quantum cosmology look like the Hamiltonian formalism
of cosmology. In other words, deformation quantization can be viewed as a deformation of the structure of the algebra of
classical observables, rather than a radical change in the nature of the observables. This is done by avoiding the operator
formalism [13]. Deformation quantization, which is presented as Weyl-Wigner-Groenewold-Moyal phase space quanti-
zation, describes a quantum system in terms of the classical c-number variables [14, 15]. This means that operators are
mapped into the c-number functions so that their compositions could be obtained by the star product that is noncommu-
tative but associative. Therefore, the observables would be classical functions of the phase space. Quantum structure is
constructed by replacing pointwise products of classical observables of the phase space (x,Π), by star product [16]. The
product of two smooth functions, say f = f(x,Π) and g = g(x,Π), on a Poisson-Moyal manifold is given by
f ∗ g =
∞∑
n=0
(i~)nCn(f, g), (1)
where ~ plays the role of the deformation parameter. The first term C0(f, g) = fg denotes the common pointwise
product of f and g. Also, the coefficients Cn(f, g) are bidifferential operators, where their product is noncommutative
[17]. These coefficients satisfy the following properties
C0(f, g) = fg,
C1(f, g)− C1(g, f) = {f, g},∑
i+j=n
Ci(Cj(f, g), h) =
∑
i+j=n
Ci(f, Cj(g, h)),
(2)
where {f, g} denotes the ordinary Poisson bracket. In equations (2), the first expression means that in the limit, ~ → 0,
the star product of f and g agrees with the pointwise products of these two functions in classical phase space. The
second expression shows that at the lowest order of the deformation parameter, the ∗-commutator [f, g]∗ = f ∗ g− g ∗ f
tends to the Poisson bracket. In flat spaces, there is a special star product which has long been known. In this case,
the components of the Poisson tensor can be considered constant and consequently it is possible to define the following
Moyal star product [14]
f(x,Π) ∗M g(x,Π) = f(x,Π) exp( i~2 (
←−
∂ x
−→
∂ Π −←−∂ Π−→∂ x))g(x,Π)
= f(x+ i~2
~∂Π,Π− i~2 ~∂x)g(x,Π).
(3)
The last equality in (3) suggests that for a Moyal star product A ∗M B of two functions A and B the Weyl-Wigner
correspondence reads
(A ∗M B)(x,Π) = A
(
x+
i~
2
∂Π,Π− i~
2
∂x
)
B(x,Π), (4)
where now A
(
x+ i~2 ∂Π,Π− i~2 ∂x
)
should be understood as an operator acting on C∞(phase space). According to
this prescription we have to replace the position and momentum variables in A by pseudo-operators containing position
and momentum and their derivatives, that is
x −→ x+ i~
2
∂Π, Π −→ Π− i~
2
∂x, (5)
instead of the usual correspondence x −→ x, Π −→ − i~2 ∂x. These pseudo-operators sometimes carry the name Bopp
pseudo-operators. These pseudo-operators act, not on functions defined on RD as ordinary Weyl operators do, but on
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functions (or distributions) defined on the noncommutative phase space RD ⊕ RD. In fact, Bopp pseudo-differential
operators is a tool of choice for the study of deformation quantization which it reduces to a Weyl calculus of a particular
type. Also, equation (4) shows that noncommutative quantum mechanics can also be reduced to Bopp calculus from an
operator point of view. One of the most important components of deformation quantization is the Wigner quasiprob-
ability distribution function [18]. In fact, it is a generating function for all spatial autocorrelation functions of a given
quantum mechanical wave function [19]. The relation of Wigner function with wave function of system ψn(x) in a
2D-dimensional phase space is
Wn(x,Π) =
1
(2pi~)D
∫
ψ∗n(x− ~2y)ψn(x+ ~2y)e−i
Π.y
~ dDy. (6)
In this formalism of quantum mechanics, expectations of observables and transition amplitudes are phase space integrals
of c-number functions, weighted by the Wigner function, as in statistical mechanics.
In the next section we will investigate the quantum cosmology of a flat Friedmann-Lemaıˆtre-Robertson-Walker
(FLRW) universe, filled with radiation plus dust or cosmic string. Using Wigner function we will show that the de-
formed cosmology predicts a good correlation with the corresponding classical cosmology. Natural units c = ~ = 1 are
used throughout the paper.
2 Deformation quantization of FLRW cosmology
There exist two fundamentally different approaches to quantization of general relativity: The particle physics programme
and the canonical quantum gravity programme. In the first programme, the basic entity is the graviton, the quantum of
the gravitational field. Such a particle is deemed to propagate in a background Minkowski spacetime, η, and like all ele-
mentary particles, is associated with a specific representation of the Poincare´ group. By fixing the background topology
and differential structure of spacetime manifold to be that of Minkowski spacetime, and then splinting spacetime into
background, ηµν , and dynamical, hµν , parts, the field hµν is quantized by the standard field methods under the assump-
tion that the gravitational interaction, like other standard matter interactions, involves the exchange of gravitons. On the
other hand, the canonical approach to quantum gravity starts with a reference foliation of spacetime with respect to which
the appropriate canonical variables are defined. In this sense, quantization of gravitation is quantization of the metrical
structure of spacetime, which satisfies a dynamical principle and dynamical equations. The essence of this approach is
expressed by the name quantum geometrodynamics. To study the nature of the difficulties of quantum geometrodynam-
ics, it is convenient to use a particular minisuperspace approximation. The model nature of these studies is a consequence
of various factors, of which the main are: 1) a minisuperspace of definite symmetry is selected and it is assumed that the
symmetry is preserved in the quantization process. 2) to maintain a definite symmetry of minisuperspace, one requires a
material source (perfect fluid, Yang-Mills fields, scalar fields or spinor fields), which is also quantized when gravitation
is quantized. It is clear that in the domain of quantum geometrodynamics (Planck scale) the description of the mate-
rial source will differ from the one adopted in quantum field theory, and therefore in quantum geometrodynamics the
source is taken into account only formally by the addition of new degrees of freedom to the equations that describe the
dynamical geometry [20]. Due to the quantum nature of the model, as a first approximation, the matter content should
be described by some sorts of fields, as done in [21]. However, general exact solutions are hard to find at the presence of
Yang-Mills, scalar or spinor fields and the Hilbert space structure is obscure and it is a subtle matter to recover the notion
of a semiclassical time [21, 22]. In addition, since the Bekenstein Bound tells us that the information content of the very
early Universe is zero, the only physical variable we have to take into account is the scale factor of the Universe, and the
density and pressure of the matter field. Hence, we only have to quantize the FLRW universe for a perfect fluid [23].
Also, perfect fluid has the advantage of introducing a variable which can naturally be identified with time, leading to a
well-defined Hilbert space structure [24]. Another attractive feature of the phenomenological perfect fluid description of
matter degree of freedom is that it allows us to treat the barotropic equation of state which allows us to obtain general
exact solutions. The line element of spatially flat FLRW universe is
ds2 = −N2(t)dt2 + a2(t) (dx2 + dy2 + dz2) , (7)
where N(t) is the lapse function and a(t) is the scale factor. The action functional that consists of a gravitational part
and a matter part when the matter field is considered as a perfect fluid is given by [25]
S =
1
16πG
∫
R
√−gd4x−
∫
ρ
√−gd4x, (8)
where g is the determinant of spacetime metric and R is the Ricci scalar and ρ =
∑
i
ρi is the total energy density.
We assume a universe filled with noninteracting perfect fluids with energy densities of ρi = ρ0i( aa0 )
−3(ωi+1) where ωi
3
denotes the equation of state parameter of i-th component of fluid and ρi0 is the energy density at the measuring epoch.
The action (8) reduce to
S = − 3V3
8πG
∫
Na3
(
a
N2
(
da
dt
)2
+
8πG
3
∑
i
ρ0i
(
a
a0
)
−3(ωi+1)
)
dt, (9)
where V3 =
∫
d3x is the spacial volume of 3-metric. Let us rewrite the action (9) in terms of measurable quantities
in cosmology. This will help us to compare the quantum cosmological model with the corresponding classical model.
First, we define a new lapse function by N˜ = N
x
. By writing the energy density of various components of fluid in terms
of corresponding density parameters, Ωi = 8piGρ0i3H2
0
(H0 is the Hubble parameter at the measuring epoch) the energy
densities will be ρi = 3H
2
0
Ωi
8piG (
a
a0
)−3(1+ωi). Also if we use a new dimensionless scale factor defined by x = a
a0
and a new
dimensionless time coordinate by η = H0t, the Lagrangian of model in conformal frame up to a multiplicative constant
3V3a
3
0
H0
4piG , will be
L = −1
2
(
x˙2
N˜
+ N˜
∑
i
Ωix
1−3ωi
)
, (10)
where over dot denotes differentiation respect to η. The conjugate momentum to the scale factor, x, and the primary
constraint are given by
Πx =
∂L
∂x˙
= − x˙
N˜
, ΠN˜ =
∂L
∂
˙˜
N
= 0. (11)
Consequently, the Hamiltonian corresponding to Lagrangian (10) will be
H = N˜
(
−Πx
2
2
+
1
2
∑
i
Ωix
1−3ωi
)
. (12)
In Hamiltonian (12), N˜ is a Lagrange multiplier; therefore, it enforces the Hamiltonian constraint
H = −Πx
2
2
+
1
2
∑
i
Ωix
1−3ωi = 0, (13)
where H denotes the super-Hamiltonian. The super-Hamiltonian at the initial time η0 = t0H0 reduces to well-known
relation between density parameters
∑
iΩi = 1.
The deformation quantization of this simple model is accomplished straightforwardly by replacing the ordinary prod-
ucts of the observables in phase space by the Moyal product. Therefore, Hamiltonian constraint (13) becomes the Moyal-
Wheeler-DeWitt (MWDW) equation by replacing the classical Hamiltonian (13) with its deformed counterpart [13]
H(x,Πx) ∗M Wn(x,Πx) = 0. (14)
Since the ∗M-product involves exponentials of derivative operators, it may be evaluated in practice through translation of
function arguments (see, Eq.(4)). Therefore, the MWDW equation (14) is equivalent to
H
(
x+
i
2
~∂Πx ,Πx −
i
2
~∂x
)
W (x,Πx) = 0. (15)
Let us now first investigate the classical-quantum correlation in a radiation-dust filled universe. In this case, the
classical super-Hamiltonian (13) will be
Π2x − Ωdx− Ωr = 0, (16)
where Ωd and Ωr denote the density parameters of dust and radiation respectively, obeying relation Ωd + Ωr = 1 at the
measuring epoch, η0. Also, the MWDW equation (15) will be((
Πx − i
2
~∂x
)2
− Ωd
(
x+
i
2
~∂Πx
)
− Ωr
)
W = 0. (17)
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Note that we should order the kinetic term as Π2x → x−α ∗ Πx ∗ xα ∗ Πx = Π2x − iαx−1 ∗ Πx , where α takes into
account the factor ordering ambiguity. This is equivalent to the factor ordering in corresponding WDW equation given
by Π2x → −x−α∂x(xα∂x) [26]. In this paper we will consider the choice α = 0 ordering which is equivalent to the
Laplace-Beltrami operator of conformal frame in the corresponding WDW equation. The Wigner function is real, hence
by separation the real and imaginary parts of MWDW equation (17) we obtain two coupled partial differential equations(− 14∂2x − Ωdx+Π2x − Ωr)W (x,Πx) = 0,(
Πx∂x +
Ωd
2 ∂Πx
)
W (x,Πx) = 0.
(18)
The first equation does not involves the partial derivatives of Πx. However, the second phase space equation enforces a
special symmetry on the solutions. The solution of second partial differential equation of (18) is, W = f(Π2x − Ωdx),
where f denotes a general real function. With the help of definition of new variable ζ = Π2x − Ωdx and the relation
∂2W (x,Πx)
∂x2
= Ω2d
d2f(ζ)
dζ2
following from the chain rule, the first partial differential equation of (18) reduces to following
second order ordinary differential equation
− Ω
2
d
4
d2f(ζ)
dζ2
+ (ζ − Ωr)f(ζ) = 0. (19)
The finite value solution of this equation is
W (x,Πx) = NAi
((
2
Ωd
) 2
3
(Π2x − Ωdx− Ωr)
)
, (20)
where N = 12pi
(
2
Ωd
) 2
3
and Ai(ξ) denotes the Airy function of first kind. The locus of extremums of the above Wigner
function is the following deformed super-Hamiltonian
Π2x − Ωdx− Ωr +
(
Ωd
2
) 2
3
an = 0, (21)
where an are the zeroes of derivative Airy functions ddξAi(−ξ)|ξ=an = 0. See Table (1) for the first several terms of an
sequences. Hence, equation (21) presents the most probable cosmological solutions. These solutions (for various values
Table 1: Negatives of zeroes of Ai′ for n = 1, 2, 3.
n an
1 1.01879...
2 3.24819...
3 4.82009...
of an) are the same as the original classical solution (16) but with modified value of the density parameter of radiation
given by
Ω˜r(n) = Ωr −
(
Ωd
2
) 2
3
an. (22)
It is obvious that all of this solutions (that we have for various values of an) are non-singular if
Ωr
(
Ωd
2
) 2
3
< a1. (23)
Fig.(1) shows the Wigner function of model with corresponding classical trajectory in phase space. It is seen that a good
correlation exists between the quantum quasiprobability distribution shown in this figure and the classical trajectory in
phase space for large values of scale factor, x, where the universe is dust dominated. The observable difference of
classical and quantum cosmology is in the values of density parameter of radiation in super-Hamiltonians (16) and (21).
At the very early times the deformed universe is radiation dominated and singularity free. At the late times the predictions
of both theories are the same and there is an exact correlation between classical and quantum universes.
5
Figure 1: The Wigner function of dust and radiation filled universe. The corresponding classical trajectory is denoted by
goldline loci. This figure is plotted for Ωd = Ωr = 0.5.
Let us now investigate the classical-quantum correlation of a universe filled with cosmic string perfect fluid, with
ωcs = − 13 . In this case, the classical super-Hamiltonian (13) will be
Π2x − Ωcsx2 = 0. (24)
Also, the MWDW equation (15) given by(
(Πx − i
2
~∂x)
2 − Ωcs(x + i
2
~∂Πx)
2
)
W = 0. (25)
Separation of real and imaginary parts of the above equation gives two independent equations
(Ωcsx∂Πx +Πx∂x)W = 0,(
Π2x − Ωcsx2 − 14∂2x + Ωcs4 ∂2Πx
)
W = 0.
(26)
The finite value solution at the classical singularity is given by
W (x,Πx) =
1
2π
√
Ωcs
J0
(
Πx
2 − Ωcsx2√
Ωcs
)
, (27)
where J0(ξ) is the Bessel function of order zero. In this very simple model, the locus of extremums of Wigner function
are given by
Π2x − Ωcsx2 −
√
Ωcsjn = 0, (28)
where jn are the zeroes of derivative Bessel function. Table (2) shows the first several zeroes of dJ0(ξ)dξ . The modified
Table 2: Zeroes of Bessel function, jn, for n = 1, 2, 3.
n jn
1 0
2 3.8317...
3 7.0155...
super-Hamiltonian (28) represents a universe filled with cosmic string and radiation fluids, where the density parameter
of radiation is given by
Ωr =
√
Ωcsjn. (29)
Note that the radiation part of (28) has totally quantum origin and the corresponding classical universe is filled only with
the cosmic string fluid. In the late times, where the universe is cosmic string dominated, the predictions of both models
are the same. But for very small values of scale factor, the emerged universes for various values of jn are non-singular
and radiation dominated. The first zero of derivative Bessel function is zero, consequently for j0 = 0 the prediction of
quantum cosmology is a cosmic string filled singular universe, same as the corresponding classical universe (24). Fig.(2)
shows the corresponding Wigner function with corresponding classical trajectory in phase space. For large values of
scale factor, x, there is a good correlation between the quantum quasiprobability distribution and the classical trajectory
in phase space.
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Figure 2: The Wigner function of cosmic string filled universe. The corresponding classical trajectory is denoted by
goldline loci. This figure is plotted for Ωcs = 1.
3 Conclusion
In this paper we studied the deformation or phase space quantization of a flat quantum FLRW model, whose matter is
either a fluids of radiation plus dust, or cosmic string. We show that the peaks of Wigner quasiprobability distribution
function of quantum universe filled with cosmic string are coincide with the emerged universes whose are filled with
cosmic string and radiation fluids. Also, for a universe filled by the radiation and dust fluids, the peaks of Wigner
quasiprobability distribution function are coincide with the same classical universes but with modified density parameter
of radiation. Consequently the behaviour of emerged quantum universes are different with the corresponding classical
models for the very small values of scale factors, where the quantum universes are non-singular. On the other hand, for
large values of scale factor, the emerged quantum universes are coincide with corresponding classical universes. This
behavior can be interpreted that the classical approximation of the Universe becomes better and better as the universe
expands. We believe the above results offer an insight into the relation between classical and quantum cosmologies and
that the particular simple models that we have studied may serve as useful starting point for more ambitious investigation.
We are aware that our results are obtained within a very simple as well as restricted setting. Nevertheless, we think they
are intriguing and provide motivation for subsequent research works. A wider analysis, with less restrictive cosmologies
and/or other matter fields, should follow. The presence of phenomenological fluid matter was broadly used in, e.g., [28]
so that exact solutions of the (simplified) WDW equation could be obtained. Using instead, e.g., a scalar , spinor or Yang-
Mills fields would be more generic and more realistic from the point of view of matter interaction with the gravitational
field in a high energy regime, where quantum effects can be expected. We are leaving the above enticing research lines
for future works.
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